Abstract: In this article, a generalized second-order linear recurrence sequence is considered and the range of the convergence of this sequence with power series is studied. An estimation for the speed of convergence of the second-order linear recurrence series is also given.
Introduction
For arbitrary integers a, b, p, q, a generalized second-order linear recurrence sequence {f k } denoted by {f k } = {f k (a, b; p, q)} is defined by
for k ≥ 2. Particular cases of the sequence {f k } are the sequences U k (p, q) = U k = f k (0, 1; p, q);
V k (p, q) = V k = f k (2, p; p, q);
For different values of p and q the more special cases of the sequences are U k (1, 1) = F k , where F k denotes the k-th Fibonacci number, U k (2, 1) = P k , where P k denotes the k-th Pell number. The other sequences such as the sequence of balancing numbers, sequence of Lucasbalancing numbers, sequence of Pell-Lucas numbers are also obtained by assigning different values of p and q, i.e., U k (6, −1) = B k , V k (1, 1) = L k , W k (2, 1) = Q k and W k (6, −1) = C k , where B k , L k , Q k and C k denote the k-th balancing number, k-th Lucas number, k-th Pell-Lucas number and k-th Lucas-balancing number respectively. It is worthy to define a balancing number and a Lucas-balancing number. A balancing number n is the solution of a simple Diophantine equation 1 + 2 + · · · + (n − 1) = (n + 1) + (n + 2) + · · · + (n + r) with the balancer r [1] . A Lucasbalancing number C n is defined as C n = 8B 2 n + 1 and both of their respective recurrences are B n+1 = 6B n − B n−1 and C n+1 = 6C n − C n−1 [1] . Some recent development of these number sequences are studied in [2, 5, [8] [9] [10] [11] [12] .
The roots of the Eq. (1) are
with α + β = p, α − β = p 2 + 4q and αβ = −q. The Binet formula for the sequence {f k } is given by
where A = b − aβ and B = b − aα [4] . The mathematical identity that connects three adjacent Fibonacci numbers is well-known under the name Cassini formula, and is used to establish many important identities involving Fibonacci numbers and their related sequences. The Cassini formula for the generalized secondorder sequence {f k } is (see [4] )
For different values of a, b, p, q in the generalized Cassini formula (2), the Cassini formulas for the sequences such as Fibonacci sequence, Pell sequence, balancing sequence, Lucas sequence, Pell-Lucas sequence and the sequence of Lucas-balancing numbers are obtained and are respectively given by
2 The range of convergence of a generalized second order recurrence sequence with power series Glaister [3] has studied the Fibonacci power series and found many interesting relations on it. Subsequently, Koshy [7] has established the convergence of Pell and Pell-Lucas series and also studied the speed of convergence for these series. In this section, a special attempt is made to study the convergence of generalized second-order recurrence power series.
It is well-known that, the geometric progression
on further simplification gives
which follows that
As the series
converges if and only if |ct| < 1, therefore we identify the radius of convergence for the series S as follows.
Further, factorizing the expression
. Using partial fraction, (3) reduces to
However, the series S = , which is nothing but the radius of convergence of S. Indeed, the range of t for which S converges is the inequality β q < t < −β q .
The range of the sequences like Fibonacci sequence, Pell sequence, balancing sequence, Lucas sequence etc., can be obtained from (5) by assigning different values to a, b, p, q. Though, the values of a, b, p, q are used to represent the above mentioned sequences, but to find out the range of each sequence, it only depend on the values of p and q.
, by virtue of (5), the range of convergence of the Fibonacci sequence U k (1, 1) = F k and the range of convergence of Lucas sequence V k (1, 1) = L k are same and is given by −0.618 < t < 0.618. This result for Fibonacci and Lucas sequence has shown in [3, 6] . Koshy [7] has shown that the Pell series and the Pell-Lucas series both converge if and only if −0.414 < t < 0.414. It is observed that, this range can also be obtained from (5) by assigning the values p = 2, q = 1 for the Pell sequence U k (2, 1) = P k and the Pell-Lucas sequence W k (2, 1) = Q k . For the balancing sequence U k (0, 1) = B k and the Lucas-balancing sequence W k (1, 3) = C k , the range of convergence is −0.172 < t < 0.172. 
which follows that the power series ∞ k=0 f k t k converges for t = f 2n /f 2n+1 when β q < 0. However, the range t = −f 2n /f 2n+1 which is greater than β q , is outside the interval of convergence.
Using (3), we have
.
By virtue of the Cassini formula (2), the above expression reduces to
For a = 0, b = 1, p = 1 and q = 1, the identity (6) leads to an expression for Fibonacci sequence as follows
For example, Further, assume t = f 2n−1 /f 2n . Again by Cassini formula for generalized second-order recurrence sequence and for n ≥ 1, we have
For Lucas sequence, take a = 2, b = 1, p = 1 and q = 1, for which
Notice that
From the examples discussed above, it is clear that the speed of convergence of the Lucas series is very slow.
The example of the speed of convergence for the sequence of Pell-Lucas series is given in the following table:
Indeed, for the Lucas-balancing series, the values of t = f 2n−1 /f 2n or f 2n /f 2n+1 lie outside the range of convergence Table 2 . Convergence of Pell-Lucas series
The convergence of the series involving mixed types sequences such as Fibonacci and Lucas sequences, Pell and Pell-Lucas sequences and balancing and Lucas-balancing sequences are found by using (6) and (7) as discuss below.
Suppose that, t = L 2n−1 /L 2n . Then,
, it follows that
Further, suppose that t
Likewise, let t = P 2n P 2n+1 , then
Again, taking t = B 2n+1 /B 2n , then
The examples for the speed of convergence for the above mentioned series are given in the following Table 3 . Speed of convergence of the series involving mixed sequences
